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Oscillatory instabilities in rapid directional solidification

M. Conti
Dipartimento di Matematica e Fisica, Universita` di Camerino, 62032 Camerino, Italy

~Received 28 July 1997!

The rapid directional solidification of a binary alloy is studied with the phase-field model. An oscillatory
instability is evidenced which originates alternating low and high concentration solute bands. This instability,
which is related to the banded structure observed in rapid solidification experiments, is predicted by previous
studies conducted within the free-boundary formulation of the problem, incorporating nonequilibrium effects
as solute trapping. In the present paper the governing equations of the model are numerically solved to show
under what conditions~i.e., isotherm velocity and temperature gradient! the banded structure can be observed.
@S1063-651X~97!51211-6#

PACS number~s!: 81.10.Aj, 05.70.Ln, 64.70.Dv
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In rapidly solidified alloys a structure has been observ
consisting of a regular succession of dark and light ban
parallel to the solid-liquid front, with a band spacing rangi
from 0.3 to 1.5mm @1#. The dark bands have a precipita
structure, either cellular-dendritic or eutectic, depending
the alloy composition; the light bands show a uniform sol
concentration. In order to explain the occurrence of this
called banded structure, which is not expected within the
classic Mullins-Sekerka stability analysis, the growth proc
has been addressed modifying the free-boundary diffusio
model to incorporate nonequilibrium effects as solute tr
ping @2,3#; along these lines an oscillatory instability h
been detected which is characterized by an infinite wa
length along the solid-liquid front. Karma and Sarkissi
@4,5# extended this analysis, accounting for the diffusion
the latent heat released at the interface; the most rele
consequence of this effect is the reduction of the param
range where the banded structure should occur. In a num
cal study these authors@5# showed that the oscillatory insta
bility actually leads, in a nonlinear regime, to periodic var
tions of the solute concentration along the growth direct
~referred in the following assolute bands!. While their
analysis, conducted in one dimension, suppresses trans
morphological instabilities, it has been argued that it s
captures the essential part of the banding phenomenon.

To better understand the mechanism underlying the
mation of the banded structure, a different way not yet
tempted could be based on the phase-field model~PFM!.
This approach, initially applied to the solidification of pu
substances, was extended to describe alloy solidification@6–
8#. Within this method a phase fieldf(x,t) characterizes the
phase of the system at each point; a free-energy~or entropy!
functional is then constructed, depending onf as well as on
the local temperature and solute concentrationT, c; a gradi-
ent term accounts for the energy cost associated with
solid-liquid interface. The extremization of the functional
respect to these variables results in the dynamic equation
the process. In the present study the rapid solidification o
binary alloy, driven by a moving temperature field, is sim
lated in one dimension through the phase-field model. Du
numerical tractability, the effect of the latent heat diffusion
neglected; it will be shown that an oscillatory instabili
which arises in a region of the parameters space, origin
solute bands.
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The system is an ideal binary solution with constituentsA
~solvent! andB ~solute!. Initially a solid (x,x0) and a liquid
(x.x0) region are separated by an interface at tempera
T̄I . The solute concentration in the solid and liquid phase
fixed to the equilibrium values atT̄I . Then the temperature
field, characterized by a positive uniform gradientG, is
pulled towards the positivex direction at constant velocity
V0 , and the solidification front follows the advancing is
therms. This arrangement is well representative of stand
directional solidification experiments, when heat diffusion
much faster than solute diffusion, and allows to decouple
temperature from the concentration and the phase fields.
problem will be treated scaling lengths to some refere
lengthj and time toj2/Dl , Dl being the solute diffusivity
in the liquid phase. The model is presented in full detail
@9#; in the limit (T2T̄I)!T̄I the governing equations be
come
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l~f!5
Ds

Dl
1p~f!S 12

Ds

Dl
D . ~7!

In the above equationsg(f)51
4f

2(12f)2 is a symmetric
double well potential with equal minima atf50 and f
51; p(f) is a monotonically increasing function off from
p(0)50 in the solid to p(1)51 in the liquid; with the
choicep(f)5f3(10215f16f2) the bulk solid and liquid
are described byf50 and f51, respectively, for every
value of temperature. The functionl~f! describes the
smooth transition of the bulk solute diffusivity fromDs ~in
the solid! to Dl ~in the liquid!; vm is the molar volume andR
is the gas constant;LA,B, TA,B, andsA,B indicate latent heat
melting temperature, and surface tension of pure compon
A andB, respectively;hA,B is the interface thickness of pur
A ~or B!. The model parametersmA,B, WA,B were associated
with the physical properties of the alloy components by W
ren and Boettinger@9#,

mA,B5
bA,BsA,BTA,B

DlL
A,B , WA,B5

12

&

vm

R

sA,B

TA,BhA,B , ~8!

wherebA,B is the kinetic undercooling coefficient of pureA
or B, which relates the interface undercooling to the int
face velocityv throughv5bA,B(TA,B2T). To estimate the
above parameters we referred to the thermophysical pro
ties of nickel~solvent! and copper~solute!; the solute diffu-
sivity in the solid phase was estimated asDs51026Dl . The
length scale was fixed atj52.131024 cm and a realistic
value for the interface thickness was selected of 1
31027 cm. With this choice the results areWA50.965;
WB50.961; mA5353.5; mB5350.

The evolution of Eqs.~1!–~3! has been considered in on
spatial dimension, in the domain 0<x<xm with xm large
enough to prevent finite-size effects. To verify the cons
tency of the numerical scheme at each time step solute
servation was checked, and verified within 0.001%. Exc
for temperatures, dimensionless units will be used to ill
trate the numerical results. The initial concentration of
alloy is set toc2`50.056 09 for the solid phase~x,x0 ; f
50! andc1`50.070 68 for the liquid phase~x.x0 ; f51!.
This corresponds to an equilibrium temperatureT̄I
51706.06 K. Then the initial temperature profile, defined
T(x,0)5T̄I1G(x2x0) is pulled towards the positivex di-
rection with constant velocityV0 .

Plots of the interface velocity versus time are shown
Figures 1~a! and 1~b! for V051200 andV05700, respec-
tively; the temperature gradient isG540 K. When V0
51200 the effect of initial conditions is rapidly lost; th
front velocityv ~and the interface temperatureTI! undergoes
few damped oscillations before reaching the final ste
state withv5V0 . On the contrary, atV05700 the process
never reaches a steady regime, and the interface velo
continuously oscillates around the average valueV0 . The
oscillatory instability observed in Fig. 1~b! traces its roots to
the nonmonotonic dependenceTI(v) of the interface tem-
perature on the interface velocity: due to suppression
solute partitioning~and to the reduction of solute concentr
tion on the liquid side of the interface! at low velocityTI(v)
first rises, then falls with increasingv reflecting the increas
ts
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ing undercooling required to advance the solidifying front.
the range with positive slope the driving force for the proce
~i.e., the dynamic undercooling! is a decreasing function o
the associated flux~the growth rate! and instabilities must be
expected. Aziz and Boettinger@10# determined theTI(v) de-
pendence for steady growth within the continuous grow
model, as

TI5TA1
mlc1`

k

@12k1g ln~k/ke!#

12ke
2

v
bA , ~9!

whereml is the slope of the equilibrium liquidus line andke ,
k are the equilibrium and the velocity dependent partiti
coefficients, respectively; the parameterg is equal tok or
equal to unity depending on whether or not solute drag@10#
is neglected in the dissipation of the free-energy that driv
solidification. It is known@7# that Eq. ~9! with g51 well
represents theTI(v) dependence originated by the phas
field model. Figure 2 showsTI(v) as given by Eq.~9! with
g51 ~solid curve!; the vertical line indicates the isotherm

FIG. 1. ~a! Interface velocity vs time. The isotherm velocity i
V051200 and the temperature gradient isG540 K. ~b! Interface
velocity vs time. The isotherm velocity isV05700 and the tempera-
ture gradient isG540 K.
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velocity V05700. This value fixes the operating point for th
process on the unstable branch of the curve~point H!, and
steady state solidification is not allowed. The solids dots r
resent the actual orbit followed by the process in theTI , v
plane withV05700: for the most part of the cycle the in
terface velocity is slightly lower thanV0 , and the interface
cools down; then the orbit traverses theTI(v) curve at point
A and with a strong acceleration reaches pointB on the
stable branch. Here the interface velocity is much higher t

FIG. 3. Oscillation frequency vs the isotherm velocity;G
540 K. Solid line: as predicted by the linear stability analys
Solid circles and solid triangles: damped and undamped oscilla
solutions found in the present simulations. Within the arrows
linear stability analysis gives Re(v).0.

FIG. 2. Orbit followed by the process in the (TI ,v) plane; the
isotherm velocity is indicated by the vertical line (V05700); G
540 K. The meaning of the pointsA, B, C, H is illustrated in the
text.
-

n

V0 , and the interface warms up: solidification is strong
decelerated and the operating point shifts toC. Notice that
the shape of the cycle can be modified when the latent h
diffusion is taken into account@5#.

Merchant and Davis@3# performed a linear stability analy
sis of the free-boundary diffusional equations, neglecting
latent heat effect and imposing interface conditions along
results of the continuous growth model; assuming a perio
perturbation parallel to the advancing front of the for
exp(iqy1vt) they determined the region in the paramete

.
ry
e

FIG. 4. Oscillation frequency vs the temperature gradient;
isotherm velocity isV05600. Solid line: as predicted by the linea
stability analysis; the arrow marks the upper limit of the instabil
range. Solid circles and solid triangles: damped and undamped
cillatory solutions found in the present simulations.

FIG. 5. Solute concentration profile along the growth directio
The isotherm velocity isV05700, and the temperature gradient
G540 K.
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space where the oscillatory instability should arise, i
where Re(v).0 andv I5Im(v)Þ0; the dependence of th
oscillation frequency on the relevant parameters that cha
terize the process was also determined. Their results
compared to our present simulations in Fig. 3, where
oscillation frequency is represented versus the isotherm
locity, with G540 K. The solid line corresponds to the pr
dictions of the linear analysis; within the arrows Re(v).0,
and undamped oscillations must be expected. The solid
and solid triangles give the results of our simulations a
correspond to damped and undamped oscillatory soluti
respectively. The range of unstable solutions determi
with the phase-field model is slightly more extended than
one predicted by the free-boundary model; however, it
be observed that the agreement between the two sets o
sults is quite satisfactory. Figure 4 showsv I versus the tem-
perature gradientG, with V05600: here, too, the result
obtained with the phase-field model closely agree with
predictions of the free-boundary model; in both cases du
the stabilizing effect of the temperature gradient the osci
tory behavior is suppressed forG.70 K. The structure of
the solidified alloy is strongly influenced by the interfa
dynamics. When Re(v),0 andv I5Im(v)Þ0 the concentra-
tion profile in the solid phase shows few oscillations alon
distance corresponding to the initial transient; when
steady regime is reached the composition of the solidi
alloy corresponds to the liquid composition at infinity.
quite different situation can be observed in Fig. 5, wh
V05700 andG540, corresponding to Re(v).0 ~see Fig. 3!.
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In this case the steady regime is never reached, and the
riodic structure in the solid phase reflects the periodic va
tions of the interface velocity and temperature. The wa
length of the solute concentration profile has been estima
as l50.0724, which is practically coincident with the ex
pected value 2pV0 /v I50.0727.

In summary, the phase-field model has been proven to
able to predict the oscillatory regime that characterizes
interface dynamics in a region of the parameters space;
dependence of the oscillation frequency on both the temp
ture gradient and the interface velocity is in quite clo
agreement with the results of a linear stability analysis c
ducted in a sharp interface context. Due to numerical tra
bility, in the present study we neglected the latent heat
leased at the solid-liquid interface, assuming an infin
thermal diffusivity. As shown by Karma and Sarkissian@5#
relaxing this approximation leads to an increase of the eff
tive temperature gradient probed by the advancing front,
to a reduction of the parameters range where the oscilla
instability should be expected; nonetheless, the basic me
nism underlying the formation of solute bands should ha
been properly evidenced. In view of future extensions a
refinements in this subject, it is worth noting that the pha
field model allows an easy description of rapid solidificati
processes even for concentrated solutions, with no lim
tions due to the actual shape of the alloy phase diagr
while at present the free-boundary approach can only be
plied to very dilute solutions, when the alloy phase diagr
can be conveniently linearized.
ys.

ys.
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